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We show that pure quadratic gravity with quantum loop corrections yields a viable 
inflationary scenario. We also show that a large family of models in the Jordan frame, 
with softly-broken scale invariance, corresponds to the same theory with linear inflaton 
potential in the Einstein frame. It follows that all these quasi scale-invariant models 
have the same relation between the tensor-to-scalar ratio and the scalar spectral index, 
which is also consistent with the current data. Thus, they form a family of attractors, 
which is sharply distinct from the recently discovered a-attractors of Kallosh, Linde et 
al. 


The status of inflationary cosmology has entered, for the first time, a phase where 
observational data are so stringent that many known theoretical models can be 
safely excluded—Therefore, since inflation is most likely a quantum gravitational 
phenomenum, new cosmological observations have the potential to shed some light 
on the interplay between gravity and quantum field theory in the early Universe. 

In this work we consider the family of modified gravity theories characterized 
by the Lagrangian 

L = y/gf(R), ( 1 ) 

where f(R) is a function of the Ricci scalar RA. In the framework of inflationary 
theory, one of the most popular models of this sort was proposed by Starobinski—. 
In his model, the Lagrangian explicitly reads f(R) = R + R 2 /(6M 2 ), where M 
is a mass scale, and it yields predictions on the scalar spectral index n s and the 
scalar-to-tensor ratio r that are compatible with the latest data. 

Our analysis begins with the fact that, while the experimental value of n s = 
0.968 ± 0.006 is known with great accuracy, the one of r ranges in the interval 
0 < r < 0.1 2 . This uncertainty on r yields a great degeneracy of models. For 
example, in single-field inflation, any potential of the form V ~ <j)P with 0 < p < 2 
can explain these data with very good accuracy. A similar situation exists in f(R) 
gravity since the measured values of the spectral indices can be explained with an 
effective Lagrangian of the form 

HR) = R 2 ~ s , ( 2 ) 

where 0 < <5 1— . Since f(R) = R 2 corresponds to an exactly scale-invariant the¬ 

ory, this result leads to the conclusion that, during inflation, the underlying gravita¬ 
tional theory can be described as a “softly broken” scale-invariant model. The pure 
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quadratic gravity Lagrangian L = y/gR 2 has very special properties. At the clas¬ 
sical level, its equations of motion in vacuum admit an isotropic and homogeneous 
solution that smoothly interpolates between a radiation-dominated Universe and 
a de Sitter space with arbitrary cosmological constant. It also admits spherically 
symmetric black hole solutions with topological horizons and scale-invariant thermo¬ 
dynamical laws-£~ 9 . At the quantum level, quadratic gravity is loop renormalizable 
and ghost-free4£, therefore this model is particularly attractive as a playground for 
inflationary cosmology. 

A possible physical interpretation of the result 0 can be found in the realm 
of semiclassical theory. Loop corrections to quadratic gravity with a de Sitter 
background can be computed via functional methods, and the result has the form— 


MR) = R 2 


1 — 7 In 


lf_ 

fi 2 


( 3 ) 


Since the quantum correction is supposed to be small, one might be tempted to iden¬ 
tify the ^-correction in © with the loop logarithmic contribution above. However, 
it can be shown that this identification yields wrong predictions, in particular it 
leads to n s > 1. Therefore, it seems that one loop-corrected quadratic gravity alone 
cannot describe inflation. One possibility then is that some matter field is required, 
in the form of additional scale-invariant operators, which break the symmetry via 
quantum corrections— 

In alternative, and in analogy with QCD, it might be that inflation is a non- 
perturbative phenomenon and this is the reason why the one-loop corrected La¬ 
grangian © gives wrong results. Along these lines, we have shown that a phe¬ 
nomenologically viable inflationary model is given by the Lagrangian— 

d 2 

MR) = 


l+7ln(f) 


( 4 ) 


( 5 ) 


which, at the leading order in slow-roll parameters, give the relation 

8 n ^ 
r = 3*7 

Note that this result is independent of 7 , the only free parameter of the theory. In 
addition, for n s = 0.968, this relation yields r = 0.085, which is compatible with 
the latest data. 

The model 0 might seem very ad hoc , but, in principle, it can be seen as a 
resummation of loop-corrections, with a Landau-like pole at R = /Liexp[l/( 27 )], in 
the spirit of the analogy with QCD mentioned above. But apart from this possible 
analogy, we have shown that 0 is equivalent, in the slow-roll approximation (where 
we neglect the kinetic term of the scalar field) and on-shell, to the induced gravity 
model with the Coleman-Weimberg potential of the form— 

'ip 2 \\ „ 1._ , 2 .4 / 3e / ip 2 


Lj = V^g 


1 + - In 
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( 6 ) 
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where |e| <C 1 . 

This correspondence is not a mere coincidence. To show this, we consider the 
model— 

L = {^R - ^ W) 2 - V(0)) . (7) 


where the kinetic term is non-canonical and has a pole of order p. This parametriza- 
tion is inspired by the so-called a-attractors studied by Kallosh, Linde et al. 16 i 17 . 
In the latter case, the potential is taken to be smooth at the pole of the kinetic 
term. In our case, we considered instead potentials that are not analytic at the pole 
and have the prototypical form 


K = U 0 


(0_V 2 ~ p)/2 

UcJ 


1 + /31n 



p > 2. 


( 8 ) 


By calculating the slow-roll parameters for these models, we have found that the 
spectral index is related to the tensor-to-scalar ratio by the equation 




r = 2 ^ n s), P = 2. 


(9) 


Thus, for p = 2, we recover eq. ©• This is easily explained by noting that, by a 
suitable conformal transformation to the Jordan frame, we can map the Lagrangian 
© into the form © for p = 2 + e and by expanding around e = 0 . 

Therefore, we have established that all models with a Lagrangian given by ED 
and a potential of the form © yield, at the leading term of the slow-roll parameters, 
the universal relation ©• By means of a conformal transformation to the Jordan 
frame, we find that all these model are in fact equivalent, on shell, to the quasi-scale 
invariant quadratic model ©. 

In conclusion, the so-called concave-convex divide in the (n s ,r) plane, which is 
usually identified with the simple linear inflaton potential, turns out to correspond 
to a whole class of scale-invariant models implemented by loop corrections. In this 
sense, the straight trajectory © is seen as an attractor , which, however, is distinct 
form the a-attractors of Kallosh and Linde, characterized by a different relation 
between r and n s . 

The picture that emerges from our work is that of a Universe that originates 
from the breaking of scale invariance by means of quantum corrections. In principle, 
the Universe might start in a classical state of radiation domination with vanishing 
scalar curvature R, which is a generic solution for the equations of motion derived 
from the Lagrangian L = ~gR 2 . As we have mentioned above, the Universe evolves 
naturally from this state towards a de Sitter phase with arbitrary cosmological 
constant (which is an attractor solution), until quantum loop corrections set in 
and drive the Universe towards an inflationary phase. The subsequent reheating 
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mechanism is not known yet but it probably relies on the presence in the Lagrangian 

of other scale invariant operators, together with their quantum corrections. 

References 

1. P. A. R. Ade et al. [BICEP2 Collaboration], Phys. Rev. Lett. 112 (2014) 241101. 

2. P. A. R. Ade et al. [Planck Collaboration], “Planck 2015 results. XIII. Cosmo¬ 
logical parameters,” arXiv:1502.01589 [astro-ph.CO]. 

3. P. A. R. Ade et al. [BICEP2 and Planck Collaborations], Phys. Rev. Lett. 114 
(2015) 10, 101301. 

4. A. De Felice and S. Tsujikawa, Living Rev. Rel. 13 (2010) 3. 

5. A. A. Starobinsky, Phys. Lett. B 91 (1980) 99. 

6 . M. Rinaldi, G. Cognola, L. Vanzo and S. Zerbini, JCAP 1408 (2014) 015. 

7. A. Kehagias, C. Kounnas, D. Lst and A. Riotto, JHEP 1505 (2015) 143. 

8 . G. Cognola, M. Rinaldi, L. Vanzo and S. Zerbini, Phys. Rev. D91 (2015) 10, 
104004. 

9. G. Cognola, M. Rinaldi and L. Vanzo, Entropy 17 (2015) 5145. 

10. L. Alvarez-Gaume, A. Kehagias, C. Kounnas, D. Lust and A. Riotto, “Aspects 
of Quadratic Gravity,” arXiv:1505.07657 [hep-th]. 

11. G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, JCAP 0502 
(2005) 010. 

12. A. Salvio and A. Strumia, JHEP 1406, 080 (2014). 

13. M. Rinaldi, G. Cognola, L. Vanzo and S. Zerbini, Phys. Rev. D91 (2015) 
123527. 

14. F. Cooper and G. Venturi, Phys. Rev. D24, 3338 (1981); G. Turchetti and 
G. Venturi, Nuovo Cim. A66, 221 (1981). 

15. M. Rinaldi, L. Vanzo, S. Zerbini and G. Venturi, “Inflationary quasi-scale in¬ 
variant attractors,” arXiv:1505.03386 [hep-th], 

16. R. Kallosh, A. Linde and D. Roest, Phys. Rev. Lett. 112, 011303 (2014). 

17. B. J. Broy, M. Galante, D. Roest and A. Westphal, “Pole Inflation - Shift 
Symmetry and Universal Corrections,” arXiv:1507.02277 [hep-th]. 










